


336 CHAPTER 6 Orthogonality and Least Squares

which can be rearranged to produce

a u-v-—y

1 b. For any

lullIviicos 9 = = [l + ||v]]2 = u - v[?] iy
l - . : N 4 ) is in W

== [u] TU i+ vy = (uy —v))? = (uy — 1*3)'] If [[ul]?

= UV 4 Uz0; e. Forann

= u-v orthogo

-21. Use the tra
. parts (b) anc
from Chapt

The verification for R3 is similar. When n > 3, formula (2) may be used to define the
angle between two vectors in R”. In statistics, for instance, the value of cos defined
by (2) for suitable vectors u and v is what statisticians call a correlation coefficient, ; Bt u = (y

u-u =07
PRACTICE PROBLEMS

B ; 4/3 5 : 23 Let w=

Leta:[ “],h:[‘ J =| -1 |,andd=| 6 1
l l )/3 =] u-v, ”I.i”‘. ”

o Theorem.

1. Compute = and (a_lz) a. £ 24, Verify the p.
a-a a-a )

2. Find a unit vector u in the direction of c. o+ v +

3. Show that d is orthogonal to ¢, . 25. Letv = [Z

4. Use the results of Practice Problems 2 and 3 to explain why d must be orthogonal o F

orthogonal
the unit vector u.

Letu= | —
6.1 EXERCISES | e
o ; - I = W is a subsp

Compute the quantities in Exercises 1-8 using the vectors 0 =4
14. Find the distance between u = | —5 andz = | -] Suppose a ve

3 :

=] 4 6 2 8 that y is orthe

u=| | v= » W= -1 |, x=|-=2 ¥
2 6 = 3

=3 Determine which pairs of vectors in Exercises 15-18 are orthog| g Suppose y i

_— e o thogonal to e
I. u-u, vou, and — 2. w-w,x-w, and ’ in Span {u, v
"8 wew 8 -9 12 2 orthogonal to
1 I 15.a=[ _]. =,: }:! 16, u= Jlv=|-1
3. —w 4 —u = i -5 1
Wew u-u -
_ /usy X-W 3 - -3
5. (3)" 6 (35)* 2 X i
17, u = s [vy=1 _, 18. y = 4 2= 15
7. ”“H 8. H\” E} ; 0 -7 .'

- ~ J K g . = v Il
In Exercises 9-12, find a unit vector in the direction of the given In Exercises 19 and 20. all vectors are in R”. Mark each statemen

S True or False. Justify each answer. ' E/
9 Pao] 10, ‘i’ 19. a. vey = |v|2. B9, 1o - Spa
0 -3 b. For any scalar ¢, u- (cv) = c(u-v), N fzach v;, for |
c. If the distance from u to v equals the distance from uf| inW.
7/.4 8/3 —V. then u and v are orthogonal.
N 112 e [ 2 J d. For a square matrix A, vectors in Col 4 are orthogonal ta

vectors in Nul 4.

3. Find the dis b 10 —1 e. If vectors v,,.... Vp span a subspace W and if x §1
¥+ Find the distance between x = andy = Lot orthogonal to each v; for j = 1,.. .. P, then x is in A3

-3




2.

2L

2.

23

k25,

=3
-~

.

. Letu=| —6

. Suppose y is orthogonal to u and v.

a. u-v—v-u=0.

b. Forany scalare, |[cv| = ¢||v].

c. If x is orthogonal to every vector in a subspace W, then x
isin W,

d. If |Ju||® 4 ||v|* = |lu + v||*, then u and v are orthogonal.

e. Foranm x n matrix A, vectors in the null space of A are
orthogonal to vectors in the row space of A.

Use the transpose definition of the inner product to verify
parts (b) and (c) of Theorem 1. Mention the appropriate facts
from Chapter 2.

Let u = (u;,us.u3). Explain why w-u>0. When is
u-u =07

=7
and v=| —4

6

u-v, ||ull?, [[v]%. and ||u 4+ v||>. Do not use the Pythagorean
Theorem.

5
Letu=| =5 Compute and compare

. Verify the parallelogram law for vectors u and v in R":

Ju+ VI + flu = v = 2ful]? + 2||v|?

Letv = [ji ] Describe the set H of vectors [

X
:| that are

.v
orthogonal to v. [Hinr: Considerv = 0and v # 0.]
5
,and let W be the set of all x in R such that
u-x = 0. What theorem in Chapter 4 can be used to show that
W is a subspace of R*? Describe W in geometric language.

Suppose a vector y is orthogonal to vectors u and v. Show
that y is orthogonal to the vector u + v.

Show that y is or-
thogonal to every w in Span {u,v}. [Hint: An arbitrary w
in Span {u, v} has the form w = ¢,u 4 ¢,v. Show that y is
orthogonal to such a vector w.]

W
[ u
o
e T
z )
I v!
Gp:a"[l
Let W = Span{vy,..., v,}. Show that if x is orthogonal to

each v;, for 1 < j < p, then x is orthogonal to every vector
in W,

30.

31.

33.
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Let W be a subspace of R", and let W= be the set of all
vectors orthogonal to W, Show that W is a subspace of R"
using the following steps.

a. Take z in W+, and let u represent any element of W.
Then z-u = 0. Take any scalar ¢ and show that cz is
orthogonal to u. (Since u was an arbitrary element of W',
this will show that ¢z is in W+.)

b. Take z, and z, in W+, and let u be any element of W,
Show that z, + z> is orthogonal to u. What can you
conclude about z; + z;?7 Why?

c. Finish the proof that W is a subspace of R".
Show that if x is in both W and W+ then x = 0.

[M] Construct a pair u, v of random vectors in R*, and let

5 8 8 B
5 5 -5 -5
A5 5= 5 =5
5-5-5 5

a. Denote the columns of A by a, ..., ay. Com-
pute the length of each column, and compute a,-a;.
a,+a;3,a,+a4,a;-a;,a+84, and a;-ay.

b. Compute and compare the lengths of u, Au, v, and Av.

c. Use equation (2) in this section to compute the cosine of
the angle between u and v. Compare this with the cosine
of the angle between Au and Av.

d. Repeat parts (b) and (c) for two other pairs of random
vectors. What do you conjecture about the effect of A on
vectors?

[M] Generate random vectors X, ¥, and v in R* with integer
entries (and v # 0), and compute the quantities

XV yv (x+y)v (10x)-v
(4)\(—)\ v v

V¥ V¥ V¥ VeV
Repeat the computations with new random vectors X and
y. What do you conjecture about the mapping x = T(x) =

Y

(' ) v (for v # 0)? Verify your conjecture algebraically.
Vev

—6 3 =27 —-33 -13

6 -5 25 28 14

[M] Let A = 8 —6 34 38 18

12 —-10 50 4] 23

14 =21 49 29 33

a matrix N whose columns form a basis for Nul A, and

construct a matrix R whose rows form a basis for Row A (see

Section 4.6 for details). Perform a matrix computation with
N and R that illustrates a fact from Theorem 3.

. Construct
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3.2 EXERCISES

3. Let U and x be as in Example 6, and let y = [

SOLUTION
/42 2/3 3
Ux=|1/v2 -2/3 [‘/ﬂz -1
0 1/3 < 1

IUx|| = vV9+1T+1 =411
Ix|| = v2+9 =411

Theorems 6 and 7 are particularly useful when applied to square matrices. A
orthogonal matrix is a square invertible matrix U such that U~ = U7 By Theorem
such a matrix has orthonormal columns.! It is easy to see that any square matrix witl
orthonormal columns is an orthogonal matrix. Surprisingly, such a matrix must ha
orthonormal rews, too. See Exercises 27 and 28. Orthogonal matrices will apped
frequently in Chapter 7.

EXAMPLE 7 The matrix

3/VIT —1/v/6 —1//66
U=\ 1/y11 2/V/6 —4/66
I/VIT  1/4/6  7//66

is an orthogonal matrix because it is square and because its columns are orthonorml
by Example 5. Verify that the rows are orthonormal, too! I

PRACTICE PROBLEMS

o 5 2/./5
1. Letu; = [ i;ﬁ:l and u, = [Iﬁﬁ] Show that {u;, u,} is an orthonormd

basis for R2.

2. Letyand L be as in Example

2

yonto L using u = I:I

3 and Fig. 3. Compute the orthogonal projection jd

] instead of the u in Example 3.

—-34/2 .
‘6 . Verify that Ux-Uy = x4

1 Exercises 1-6, determine which sets of vectors are orthogonal.

1. 4
-3 |

2

3 =7

5
2
1

—6
-3

3
—4
-7

3 ~1 3 5 —4 3

o =2 3 8 -4 I 3

Frfof -5 ol [ -3 ['|7 61 o] -3 5

-2 1,1 —2 3 4 0 3 8 -1
1 2 1

In Exercises 7-10. \hm\ that {u;. uz} or {u;, u,, us} is an orthop
onal basis for R? or R, respectively. Then express X as a lines
combination of the u’s.

e[ D= [ows= [ 3]

|
Ln
|
o N s

-3 0|

'A better name might be orthonormal marrix, and this term is found in some statistics texts. However,
orthogonal matrix is the standard term in linear algebra.

e

:‘17. 1/3

gLzl
&

3
e
o

9. uy =10
l_

.10- u = —:-'

:11. Compute t

through [ )

L 12. Compute tt

through [ i
&

. [

o]

(%]

. orthogonal

14, Lety [

2
6
in Span {u}

|
to the line th

15, Lety = [3

ﬁlﬁ. Let y=
to the line th

L In Exercises 17-2
~mal. If a set is on|

* an orthonormal se

1/37 [ -

1/3

P [5][2

; 1/4/10

2l | 3/./20

3//20

122, | 4//18

1/V18

In Exercises 23 and
‘Irue or False. Justi

. a. Notevery |
set.




al

f

-ar

[3 -2 —6
8. ULﬁ-l}.Ugf[ 6]"“"1"*[ _J
1 -1 2 [ 87
Souy=|(0|,u= 4 |,uz3= | [,andx = | —4
L1 1 =, | =3 |
3 2 1 57
10, uy=| -3 |,u; = 2(,uy=|1|,andx=| -3
L 0 -1 4 L 1]
L 11. Compute the orthogonal projection of _]/] onto the line
—4 .
through [ 7:{ and the origin.
3 L . 1 .
5 12, Compute the orthogonal projection of {fl ] onto the line
-1 i
through 1 and the origin.
(27 4 :
13. Lety = 3 and u = __{,:| Write y as the sum of two
onhogom;l vectors, one in Span {u} and one orthogonal to u.
[2] T i )
4, Lety = 6 and u = at Write y as the sum of a vector
in Span {t_l} and a vector orthogonal to u.
(3] 8 :
3 Lety = | and u = 6| Compute the distance from y
to the line through u and the origin.
[-3 1 .
| 16, Lety = 9 andu = |:,) :| Compute the distance from y

to the line through u and the origin.

 InExercises 17-22, determine which sets of vectors are orthonor-
mal. If a set is only orthogonal, normalize the vectors to produce
| i orthonormal set.

17,

19.

.

[1/3 -1/27 [0 0

1/3 |, 0 18. | 1|, -t
| 1/3 1/2 K 0
. [=2/3 1/3
_'g].['f] 20. 1/3 2/3
L2 Le | 2/3 0
[1/4/107] 3/+/10 0

3/4/20 ~1/4/20 |, | =1/v2
L 3/+/20 ] [ —1/4/20 1/v/2
[1//187 1/3/2 =23

4/V18 |, 0 /3
L 1//18 | [ =172 -2/3

InExercises 23 and 24, all vectors are in R”, Mark each statement
True or False. Justify each answer.

3,

2. Notevery linearly independent set in R" is an orthogonal
set.

[
w

27.

28.

29.

30.

31.

w
bl

6.2 Orthogonal Sets 345

b. If y is a linear combination of nonzero vectors from an
orthogonal set, then the weights in the linear combination
can be computed without row operations on a matrix.

c. If the vectors in an orthogonal set of nonzero vectors are
normalized, then some of the new vectors may not be
orthogonal.

d. A matrix with orthonormal columns is an orthogonal
matrix.

e. If Lisaline through 0 and if y is the orthogonal projection
of y onto L, then ||¥| gives the distance from y to L.

&

Not every orthogonal set in R” is linearly independent.

b. IfasetS = {u,,..., u, } has the property thatu; - u; = 0
whenever i # J, then § is an orthonormal set.

¢. Ifthe columns of anm x n matrix A are orthonormal, then
the linear mapping x — Ax preserves lengths.

d. The orthogonal projection of y onto v is the same as the
orthogonal projection of y onto ¢v whenever ¢ # 0.

e. An orthogonal matrix is invertible.

Prove Theorem 7. [Hint: For (a), compute || Ux||?, or prove
(b) first.]

Suppose W is a subspace of R" spanned by n nonzero
orthogonal vectors. Explain why W = R”",

Let U be a square matrix with orthonormal columns. Explain
why U is invertible. (Mention the theorems you use.)

Let U be an n x n orthogonal matrix. Show that the rows of
U form an orthonormal basis of R".

Let U and V be n x n orthogonal matrices. Explain why
UV is an orthogonal matrix. [That is, explain why UV is
invertible and its inverse is (UV)".]

Let U be an orthogonal matrix, and construct V' by inter-
changing some of the columns of U. Explain why V is an
orthogonal matrix.

Show that the orthogonal projection of a vector y onto a line
L through the origin in ®? does not depend on the choice
of the nonzero u in L used in the formula for y. To do
this, suppose y and u are given and § has been computed by
formula (2) in this section. Replace u in that formula by cu,
where ¢ is an unspecified nonzero scalar. Show that the new
formula gives the same y.

Let {v,. vy} be an orthogonal set of nonzero vectors, and let
¢y, ¢ be any nonzero scalars. Show that {¢,v;.c;v,} is also
an orthogonal set. Since orthogonality of a set is defined in
terms of pairs of vectors, this shows that if the vectors in
an orthogonal set are normalized, the new set will still be
orthogonal.

Given u # 0 in R”, let L = Span {u}. Show that the map-
ping X — proj, X is a linear transformation.

Given u # 0 in R”, let L = Span{u}. For y in R", the

reflection of y in L is the point refl, y defined by
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PRACTICE PROBLEM

-7
Let u, = 1

, ¥ = 1 |, and W = Span{u;,u;}. Use thefd

6

that u, and u; are orthogonal to compute projy, y.

6.3 EXERCISES

In Exercises 1 and 2, you may assume that {u;,...,u;} is an
orthogonal basis for R*.
0 3 1 5
1. u = : u; = . u3 = g uy =
—4 > 1 : 1 -1
-1 | —4 1
10
-8 . . .
X= iy Write x as the sum of two vectors, one in
0

Span {u;, us, us} and the other in Span {u,}.

1 -2 1 -1
2. n; = 2 u; = l u; = : uy = :
i S T =2 =1 1
| 1 -1 -2
4
5 . . :
V= i Write v as the sum of two vectors, one in
3
Span {u; } and the other in Span {u,, u;, uy}.

In Exercises 3-6, verify that {u,, u,} is an orthogonal set, and then
find the orthogonal projection of y onto Span {u;, uy}.

=17 M1 =17
X y= 4 ,yy=|1]|um,= 1
| 3] L O] L 0]
6] 37 [ —47
4 Y= 3 U = 4 L = 3
L—2 | | O | L 0]
=17 3 I
5. y= 2 [,u =| -1 u, = | —1
6 2 -2
6 —4 0
6. y=[4|.uy=| -1 |, ma=|1
L1 1 1

In Exercises 7—10, let W be the subspace spanned by the u's, and
write y as the sum of a vector in W and a vector orthogonal to W.

1 1 5
7. Y= 3w 3 yUy = 1
5 -2 B

(=17 1] =17
8. y= 4 l,yy=|1[,uw= 3
3 —2
47 1 [—17] -1
9. 3 1 _ 3 _ 0
. ¥ = 3 S = 0 y M = | y U3 = 1
L =1 1] L -2 | 1
[3 1] 1 0
- 1 0 -1
10. y = s|wm= o™= ]w= |
| 6 -1 | L1 -1
In Exercises 11 and 12, find the closest point to y in the subspa

W spanned by v, and v,.

12.

In Exercises 13 and 14, find the best approximation to z by vec(a

3 3 I
1 1 il
yullg M= g =] g
| 1 : =
M3 1 —4
-] —2 1
Y=l 1B |25 o
|13 2 3

of the form ¢, v, + ¢2vs.

13.

14.

15.

16. Lety, v, and v, be as in Exercise 12. Find the distance frof
y to the subspace of R* spanned by v, and v,.
4 2/3 -2/3
17. Let y=|[8 ]|, uy=]|1/3 |, u= 2/3 |,
1 2/3 1/3

37 27 M1
— -1 1
zZ= " v, = -3 ¥y = 0
b L 1] | -1
M 27 2 [ 5]
N I I | -2
= o R T | <L PS4
1] L) L2l

5 -3 (-3

lety=| -9 |, uyy=]|-=5| un= 2 Find 1
5 1 L1

distance from y to the plane in R* spanned by u; and u;,.

W = Span {u;.u,}.

B21. a

Let U :
b. Compu

P .
18. Lety = [

a. Let U
Compu

|'

b. Compu

1 19, Letu, =

u; andu; a
u;. Itcanb
by u; and t
R? that is

$20. Letu, and

3 be shown tl
u,. Use thi

orthogonal
B

In Exercises 21
' each statement °

If z is

Span {u

b. For eac

is ortho

c. The ortl

ki sometin
1 C()H]PL]II
d. Ifyisir

y onto |




