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10 CHAPTER1 Linear Equations in Linear Algebra

1.1 EXERCISES

Solve each system in Exercises 1-4 by using elementary row
operations on the equations or on the augmented matrix. Follow
the systematic elimination procedure described in this section.
L 6+ = 7
-2x s 7XZ = -5

2, 3x; + 6xy = =3
5.!) + 72(12 = 10

3. Find the point (x1, x,) that lies on the line X1 +2x = 4and
on the line x; — x, = 1. See the figure.

Xa

]
X+ 2x2%\4\\

/

4. Find the point of intersection of the lines X1 +2% = —13
and 3x; — 2x, = |

Consider each matrix in Exercises 5and 6 as the augmented matrix
of a linear system. State in words the next two elementary row
operations that should be performed in the process of solving the

BRI R RR BRI T

system,
I-=~4 -3 @ 99
5 O Jo - kay e
i fie g he
-0 0 4 -9 =
L= ke
6 0. 2 =7 @8 &
i 08 -9 s
& 0 % & 31 7
- In Exercises 7-10, the augmented matrix of a linear system has
;§ been reduced by row operations to the form shown. In each case,
= continue the appropriate row operations and describe the solution
5 set of the original system.
b | " 1 7 3 —4
b 7 0 Ll 3
E e e
E RIS ET
B -
& [l <5 4 ¢ 'p
& 8. ISR R
b =07 3. @B 5
e iR g e o
. L =1 & & <57
i s 1€ 12 8 .7
i g8
L 6 4 3 4

{ % 8 <5 .9
g I & 3 §
it s 1 ¢ 3
5 60 i -3

Solve the systems in Exercises 11-14.

11. X2, 5X3 =—4
Xy +4x; 4 3x3 = -2
2% + Tx, + X3 = =2

12 Xp ~5x3 4+ 4x; = -3
2x) — Txp + 3x3 = =2
—2x; + X3 + 7X3 = =]

13 —3fe= &
24+ 2%+ 9= 7

X + 5x3 = =2

14. 2)('1 o 6.’(3 = —8
X +2x = 3

3x; + 6)(2 - 2% = —4
Determine if the systems in Exercises 15 and 16 are consis
Do not completely solve the systems.
15, x; — 6x =5
© Xy —dx3 4
=X+ 65+ x3+5x,=3
—X + 5x3 + 42y =0

Xy =0

16.  2x; —4x; =-10
3x2 + 3x;3 = 0
X3+ 4xy =1
=3x; + 2% + 3xs + o= B
17. Do the three lines 2xy+F 3xy = =1, 6x; + 5x, =0,
2x; — 5% = 7 have a common point of intersection?
plain.

I

18. Do the three planes 2x; + 4x; + 4x3 = 4, X3 = 2x3=
and 2x; + 3x; = 0 have at least one common point of int
section? Explain.

In Exercises 19-22, determine the value(s) of / such that ¢
matrix is the augmented matrix of a consistent linear system.

e W I # -5
% [3 6 8:, s [2 -8 6}

1 4 =2 —4 2 f
o [3 h —6:’ - [ % b —3]
In Exercises 23 and 24, key statements from this section
either quoted directly, restated slightly (but still true), or altere

in some way that makes them false in some cases. Mark e:
statement True or False, and Justify your answer. (If true, give
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1 0 I 1 i A ¢ % *
P 2 a 0 1 1 1 b B2 -0 D 16. a 0 = =
B B 00y 8- 1 g 0
Fo 0 0 ] % % * &
Bi o =4 5 it " % #
Es ig 6 1§ TR e o B
. L: L o9 0 | . -
Y = = In Exercises 17 and 18, determine the value(s) of A suct
N g é i i } matrix is the augmented matrix of a consistent linear sys
;’1 g ts o5 & o 1 1. [ B | 4] 18, [1 -3 1]
é ¢ 2 ¢ 4 O -2 3 & E 6 =2
i

Row reduce the matrices in Exercises 3 and 4 to reduced echelon In Exercises 19 and 20, choose h and k such that the syste:
. form. Circle the pivot positions in the final matrix and in the no solution, (b) a unique solution, and (c) many solutio:

original matrix, and list the pivot columns. separate answers for each part.
i 4 & 3 - % = 19, x+hx=2 20, X% -3=1
3. {2 4 5 3 &2 % F 4
> 3 =k % =k
£ %X 5 0 &+ 5 & % e Wit v

5, Describe the possible echelon forms of a nonzero 2x2  InExercises2land 22, mark each statement True or Falsc
matrix. Use the symbols ®, %, and 0, as in the first part of each answer.*

«wwrwwrxwmmmmﬁmwmw

Example 1. 21. a. In some cases, a matrix may be row reduced
6. Repeat Exercise 5 for a nonzero 3 x.2 matrix. than one matrix in reduced echelon form, using
5 : f row operations.
Find the general solutions of the systems whose augmented ma- e 0. el 1. 5 :
trices are given in Exercises 7-14. b. The row rcducgon algorithm applies onlyto au
matrices for a linear system.
7. (! : . 8. L =k e c. A basic variable in a linear system is a varii
59 7 -0 &7 0 8 : : h
corresponds to a pivot column in the coefficient
9. [O 1 ek 3] 10. l: £ g ol 4] d. Finding a parametric description of the solutior
A £+ & o8 -~ 4 -3 6 linear system is the same as solving the system.
» ry .3 4 0 . 0 =8 U # e. If one row in an echelon form of an augmente
» - g F 3 -9 —i is[0 0 0 5 0], then the associated linear s
1. {9 -6 12 © 12. : .
P & 4 % 0 e e e inconsistent.
P L > 9.0 b ;
" = 22. a. The reduced echelon form of a matrix is unique.
T I -8 O -1 0 -2 : ;
¥ 8 1 6 F ot 1 b. If every column of an augmented matrix contain:
¥ 13. & B & 1 v % then the corresponding system is consistent.
TR ¢. The pivot positions in a matrix depend on whe
C = e 3:1 interchanges are used in the row reduction proce
E 8 % # o & % d. A general solution of a system is an explicit de
; Wiy s 58 1 8 of all solutions of the system.
C g0 o 8 5.0 e. Whenever a system has free variables, the sob
: S ; contains many solutions.
< Exercises 15 and 16 use the notation of Example 1 for matrices
in echelon form. Suppose each matrix represents the augmented  23. Suppose the coefficient matrix of a linear system
E matrix for a system of linear equations. Tn each case, determine if equations in four variables has a pivot in each colu
< the system is consistent. If the system is consistent, détermine if plain why the system has a unique solution.
b the solution is unique.
4 24. Suppose a system of linear equations has a 3x5Sau
2 e 2% matrix whose fifth column is not a pivot column
: S8 U & % @ system consistent? Why (or why not)?
\ g0 00
3 0 L] * * * 4 True/false questions of this type will appear in many sections,
% b. | D 0 u * * for justifying your answers were described before Exercises 23
;- 0 0 0 u 0 . Section 1.1.
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1.3 EXERCISES

e

Tn Exercises 1 and 2, compute U 4+ vandu— .

b 2Ll

In Exercises 3 and 4, display the following vectors using arrows
v.u+v,u—Vs and u —2V. Notice
hose other vertices are

wwmx.mm»wwm“w>.,w

on an xy-graph: w, V> -V, —

that u — v is the verteX of a parallelograrm Wi
u, 0, and V. .
3, uandvas in Exercise 1 4. nandvas in Exercise 2
In Exercises 5and 6, write a systenm of equations that is equivalent
to the given vector equation. :
3 5 2
S X1 ~3 E % 0 = -3
8 -9 8

o o 3]~ Lol

gure 10 write each vector listed in Exer-

Use the accompanying fi
Is every vector

cises 7 and § as a linear combinationt of uand v.
in R? a linear combination of & and v?

7. Vectors a, b, ¢, and d

8. Vectors W, X, ¥, and Z
In Bxercises 9 and 10, write 2 yector equation {hat is equivalent to
the given system of equations.
9. Xy + 5x3 = 0 0, e 2%y + 4%3 =
4xy + 6xs — X3 7 0 —2Xy = Txg + Sx3 =
—-xl+3x2—8x3=0 5x\+4xz e

\
o - W

In Exercises 11 and 12, determine if b is a linear combination of

ai, a2, aﬂd a;s.

i 0 5 2
1. = 3 Y, A7 1™ —6 ,b = -1
0 2 8 6
1 =2 —6 11
12, 81— 0l 8= 3 [y = 7 ,b: -5

e ————
n Exercises 13 and 14, dete
the vectors formed from the ¢oO

1 =& 2 3
13, A= g 3 @ b= -7
ey & =4 -3
T 53 2
14. A= p e b= —1
0 2 8 6
1 -5 2
15, Letay = 3 |, 8= ~8 |,andb = _5 |. For what

Wv»uw»»om%w»wmw R

rmine if bisa linear combination of
Jumns of the matrix A.

2 h

0, &

value(s) of it i1s b in the plane spanned by 1 and a7

1 -2 h
16 LetYi = 0l v2= 1 . gndy = _3 |, For wha
2 -5

yalue(s) of hi8 ¥ in the plane generated by v; and vy?

In Exercises 17 and 18, list five vectors in Span {vi, Va}e For ea

vector, show the weights on Vi and v, used to generate the vect

and list the three entries of the yector. Do not make a sketch.
3 —4

L. w=l1

-2

18. i = 1 .= 3
-2 0

19. Givea geometric description of Spanivi, V2 } for the vect!

vy = 2 landva = 3
—6 -9

20. Givea geometric description of Span{vi, v,} for the vec
in Exercise 18. .

2 2 B
"‘X and v _—{1}. Show that L‘l is

Span{u. v} for all hand k.

31, st u=

22. Constructa 3 % 3 matrix A, with nonzero entries, and ave
b in R such that b is not in the set spanned by the colu
of A.

1n Exercises 23 and 24, mark each statement True of False. Ju

B B

s

W

each answer.
o —4 1. ,
23, a. Another notation for the vector“ 3} is|—4 3}
b. The points in the plane corresponding 0 {,_5]

Kﬂsz-l lie on a line through the origin.

¢c. An example of alinear combination of vectors Vi af

is the vector 3Vi:







1.5 EXERCISES

15 Solution Sets of Linear Systems 47

bea
?"Ym In Exercises 14, determine if the system has a nontrivial solution.
ﬁ Try to use as few row operations as possible.
. 1. 2x —=Sn48x = 0 2. X =2% + 3= 0
ained by 2y =T+ x=0 —2x; —3x; —4x =0
(= Db for 4x) + 2% + Txa =0 2%, — 4% + 9 =0
es. Even
= b (with 3, —3x; +4x, —8x3 =0 4 §x —3x+2x3=0
i{: ergm —-2x; + 5x7 + 4xy = 0 —3x;— 4x; + 2x3 = 0
in Exercises 5 and 6, follow the method of Examples 1 and 2
so write the solution set of the given homogeneous system in
parametric vector form.
5 m+2atin= 0 6. X F 2 — 3% = 0
—4x; —4x, —8x3 =0 Iy + Xy~ s = 0
— 3%, —3x3 =0 —~X + X =0
12 Exercises 7-12, describe all solutions of Ax = 0in parametric
wector form, where A is TOW equivalent to the given matrix.
- L 3 -3 7 8 {1 -3 -8 5
= 1la I & S T et
3 -6 6 <L =4 O 4
. [ Lo ]
1s at least e 8 -2 2~ 0 B
pty. oo o3 08
g ot
9
2, and 3. %6 0 0 | -4
0 @ a—p 0 -0
¢ - 4 -4 5 0
g 0 1 4 -6
g 08 0
- 6 g 0o 08 0
zin an 3 2 ; ¢
e Suppose the solution set of a certain system of linear equa-
tions can be described as x; = By gy = —2— 7xs, with
ae free x4 free. Use vectors t0 describe this set as a line in R
Suppose the solution set of a certain system of linear
iy using equations can be described as X1 = By W5 =0 2Xis

x3 = 2+ 5% with x4 free. Use vectors 1o describe this set
as a “line” in R*.

Describe and compare the solution sets of X1+ 5x2—

3xy = 0and x; +5x; — 3% = =

Describe and compare the solution sets of x1 —2x2+
e 3x; = 0and x; —2X2 + 3xy =4

wo planes

Follow the method of Example 3 to describe the solutions of
the following system in parametric vector form. Also, give
a geometric description of the solution set and compare it to
that in Exercise 5.
2x1 + 2x3 + 4x3
—4x; — 4x; — 8x3

8
—16

— 3Xx7 —3x3 = 1

Il

Il

¢ form, and

18. As in Exercise 17, describe the solutions of the following
system in parametric vector form, and provide a geometric
comparison with the solution setin Exercise 6.

Xy + 2% — T = D
oy + Xg— 3x3 = 13
—-Xy + X2 = -8
In Exercises 19 and 20, find the parametric equation of the line
through a parallel to b.

ST PN

In Exercises 21 and 22, find a parametric equation of the line M
through p and q. [Hint: M is parallel to the vector q — P See the
figure below.]

wo 2] = e[l

In Exercises 23 and 24, mark each statement True or False. Justify
each answer.

23, 4
b. The equation AX = 0 gives an explicit description of its
solution set.

A homogeneous equation is always consistent.

¢. The homogeneous equation AX = 0 has the trivial so-
lution if and only if the equation has at least one free
variable.

d. The equation x = p + 1V describes a line through v par-
allel to p.

e. The solution set of AX = b is the set of all vectors of
the form w = p + Vi, where Vi is any solution of the
equation Ax = 0.

24. a.
b. If x is a nontrivial solution of Ax = 0, then every entry in
X is nonzero.
c. The effect of adding p to a vector is to move the vector in
a direction parallel to p.
d. The equation AX = b is homogeneous if the zero vector
is a solution.

A homogeneous system of equations can be inconsistent.
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